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Abstract 



A general hypergeometric construction of linear forms in (odd) zeta val- 
ues is presented. The construction allows to recover the records of Rhin and 
Viola for the irrationality measures of £(2) and C(3), as well as to explain 
Rivoal's recent result (math. NT/0008051) on infiniteness of irrational num- 
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bers in the set of odd zeta values, and to prove that at least one of the four 
numbers ((5), ((7), C(9), and C(ll) is irrational. 



The story exposed in this paper starts in 1978, when R. Apery |Ap[ | gave a surpris- 
ing sequence of exercises demonstrating the irrationality of £(2) and C(3)- (For a 
nice explanation of Apery's discovery we refer to the review ||Po||.) Although the 



X 

irrationality of the even zeta values C(2), C(4), ■ ■ • for that moment was a classical 
result (due to L. Euler and F. Lindemann), Apery's proof allows one to obtain a 
quantitative version of his result, that is, to evaluate irrationality exponents: 

MC(2)) < 11.85078..., MC(3)) < 13.41782. .. . (1.1) 

As usual, a value \i = \x[a) is said to be the irrationality exponent of an irrational 
number a if \i is the least possible exponent such that for any e > the inequality 
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has only finitely many solutions in integers p and q with q > 0. The estimates ( |1 . 1|) 
'immediately' follow from the asymptotics of Apery's rational approximations 
to C(2) and C(3), and the original method of evaluating the asymptotics is based 
on second order difference equations with polynomial coefficients, with Apery's 
approximants as their solutions. 

A few months later, F. Beukers ]Be| interpretated Apery's sequence of ratio- 
nal approximations to £(2) and £(3) in terms of multiple integrals and Legendre 
polynomials. This approach was continued in later works | pV| , [Ru|| , [ Hal -[ Ha5 ], 
|[HMV|| , |RVl| - fRV3| and yielded some new evaluations of the irrationality expo- 
nents for C(2), C(3), and other mathematical constants. Improvements of irra- 
tionality measures (i.e., upper bounds for irrationality exponents) for mathemat- 
ical constants are closely related to another arithmetic approach, of eliminating 
extra prime numbers in binomials, introduced after G. V. Chudnovsky ||Ch|| by 
E. A. Rukhadze |[Ru|| and studied in detail by M. Hata ||Hal|| . For example, the 
best known estimate for the irrationality exponent of log 2 (this constant sometimes 
is regarded as a convergent analogue of £(1) ) stated by Rukhadze [[Ru|1 in 1987 is 



//(log 2) < 3.891399...; 



(1.2) 



see also |[Hal|| for the explicit value of the constant on the right-hand side of (|1.2|) . 
A further generalization of both the multiple integral approach and the arithmetic 
approach brings one to the group structures of G. Rhin and C. Viola ||RV2j , |KV3| |; 
their method yields the best known estimates for the irrationality exponents of 
C(2) and C(3): 



MC(2)) < 5.441242 . . . , MC(3)) < 5.513890 . . . 



(1.3) 



and gives another interpretation [|Vi of Rukhadze's estimate (O). 

On the other hand, Apery's phenomenon was interpretated by L. A. Gut- 
nik ||Gu|| in terms of complex contour integrals, i.e., Meijer's G- functions. This 



approach allowed the author of ||Gu|| to prove several partial results on the irra- 
tionality of certain quantities involving £(2) and C(3)- By the way of a study 
of Gutnik's approach, Yu. V. Nesterenko |[Nel|| proposed a new proof of Apery's 
theorem and discovered a new continuous fraction expansion for C(3)- In ||FN|| , 
p. 126, a problem of finding an 'elementary' proof of the irrationality of £(3) is 
stated since evaluating asymptotics of multiple integrals via the Laplace method 
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or complex contour integrals via the saddle-point method in |[Nel|| is far 
from being simple. Trying to solve this problem, K. Ball puts forward a well- 
poised hypergeometric series, which produces linear forms in 1 and £(3) only and 
can be evaluated by elementary means; however, its 'obvious' arithmetic does not 
allow one to prove the irrationality of C(3)- T. Rivoal |Ril| has realized how to 
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generalize Ball's linear form in the spirit of Nikishin's work [[Ni|| and to use well- 
poised hypergeometric series in the study of the irrationality of odd zeta values 
C(3), C(5), . . . ; in particular, he is able to prove [[Ril|1 that there are infinitely many 
irrational numbers in the set of the odd zeta values. A further generalization of the 
method in the spirit of ||Gu| , [Nel|| via the use of well-poised Meijer's G-functions 
allows Rivoal [Ri4| to demonstrate the irrationality of at least one of the nine 
numbers C(5), C(7), . . . , C(21). Finally, this author ||Zul|| - [|Zu4| refines the results 
of Rivoal ||Ril| |- fRTil by an application of the arithmetic approach. 

Thus, one can recognise (at least) two different languages used for an expla- 
nation why £(3) is irrational, namely, multiple integrals and complex contour in- 
tegrals (or series of hypergeometric type) . Both languages lead us to quantitative 
and qualitative results on the irrationality of zeta values and other mathematical 
constants, and it would be nice to form a dictionary for translating terms from one 
language into another. An approach to such a translation has been recently pro- 
posed by Nesterenko [|Ne2| , |Ne3j| . He has proved a general theorem that expresses 
contour integrals in terms of multiple integrals, and vice versa. He also suggests a 
method of constructing linear forms in values of polylogarithms (and, as a conse- 
quence, linear forms in zeta values) that generalizes the language of [[NT], |Gu| , [Nel| 
and, on the other hand, of |[Be|l , |Hal| - |]Ha5[1 , ||RV1| - |RV3|| and takes into account 
both arithmetic and analytic evaluations of the corresponding linear forms. 

The aim of this paper is to explain the group structures used for evaluating the 
irrationality exponents (|L2|), ( |1.3|) via Nesterenko's method, as well as to present 
a new result on the irrationality of the odd zeta values inspired by Rivoal's con- 
struction and possible generalizations of the Rhin-Viola approach. This paper is 
organized as follows. In Sections 0-[5] we explain in details the group structure of 



Rhin and Viola for C(3); we do not use Beukers' type integrals as in |[RV3|| for this, 
but with the use of Nesterenko's theorem we explain all stages of our construc- 
tion in terms of their doubles from |[RV3|| . Section |6| gives a brief overview of the 
group structure for £(2) from ||RV2|| . Section [F] is devoted to a study of the arith- 
metic of rational functions appearing naturally as 'bricks' of general Nesterenko's 
construction ||Ne3| . In Section 



we explain the well-poised hypergeometric ori- 

on 



namely, we state that at least one of the four 



gin of Rivoal's construction and improve the previous result from [Ri4| , |Zu4 
the irrationality of C(5), C(7), • 
numbers 

C(5), C(7), C(9), andC(H 



is irrational. Although the success of our new result from Section |8| is due to the 
arithmetic approach, in Section |9] we present possible group structures for linear 
forms in 1 and odd zeta values; these groups may become useful, provided that 
some arithmetic condition (which we indicate explicitly) holds. 
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2 Analytic construction 

of linear forms in 1 and £(3) 

Fix a set of integral parameters 



[a,b) 



dl, (22, Gt 3 , Gt 4 
h, &2, &3, h 



satisfying the conditions 



{h,b 2 } < {ai, a 2 , a 3 , a 4 } < {& 3 ,& 4 }, 
«i + a 2 + a 3 + a 4 < bi + b 2 + b 3 + b 4 - 2, 

and consider the rational function 

(6 3 -a 3 -l)!(6 4 - 04 -l)! 



R(t) = R(a, b;t) 



(ai - 61)! (a 2 - 62)! 

r(t + ai) r(t + 02) r(t + 03) r(t + a 4 ) 
r(t + 61) r(t + 6 2 ) r(t + 6 3 ) r(t + 6 4 ) 



where 



i2j(t) 



i=i 



(t + 6 J -)(t + 6j + l)---(Ha j -1) 
(aj -6j)! 
(fej-Qj-l)! 
(t + dj){t + aj + 1) • • • (t + bj - 1) 



if aj > bj (i.e., j = 1,2), 
if aj < bj (i.e., j = 3,4). 



By condition (|2.3| ) we obtain 

R(t) = o{r 2 ) 



as t — > 00; 



(2.1) 



(2.2) 
(2.3) 



(2.4) 



(2.5) 



(2.6) 



moreover, the function R(t) has zeros of the second order at the integral points t 
in the interval 

— min{ai, a 2 , a 3 , a 4 } < t < — max{6i, 6 2 }- 
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Therefore, the numerical series Ylt=t R '(f) with to = 1 — max{&i,&2} converges 
absolutely, and the quantity 



G(a,b) := -(-l) 6 ^ J2 R 'W ( 2 - 7 ) 

t=t 

is well-defined; moreover, we can start the summation on the right-hand side 
of ( |2.7|) from any integer to i n the interval 



1 — min{ai, a 2 , 03, 04} < to < 1 — max{6i, 62}. (2-8) 

The number (|2.7|) is a linear form in 1 and £(3) (see Lemma f| below), and we 
devote the rest of this section to a study of the arithmetic (i.e., the denominators 
of the coefficients) of this linear form. 

To the data ( |2.1| ) we assign the ordered set (a*, 6*); namely, 

{^1^2} = {61, 6 2 }, {a*, 02,03,04} = {ai,a 2 ,a 3 ,a 4 }, 
{63.64} = {63,64}, 6J < b* 2 < a* x < a* 2 < a* 3 < a* 4 < b$ < b%, 



hence the interval (|2.8| ) for to can be written as follows: 

1 -at < t < 1 -b* 2 . 
By Djy we denote the least common multiple of numbers 1, 2, . . . , N. 
Lemma 1. For j = 1,2 there hold the inclusions 

^•WU-jfe G z ' D ^- b > • R 'Mt=-k E z ' keZ - ( 2 - 10 ) 

Proof. The inclusions ( |2.10|) immediately follow from the well-known properties 
of the integral-valued polynomials (see, e.g., [|Zu5|1 , Lemma 7), which are Ri(t) 
and R 2 (t). □ 

The analogue of Lemma [j] for rational functions Rs(t), R^t) from ( |2.5| ) is based 
on the following assertion combining the arithmetic schemes of Nikishin [[Ni|| and 
Rivoal |m|]. 

Lemma 2 ( ||Zu3|| , Lemma 1.2). Assume that for some polynomial P(t) of degree 
not greater than n the rational function 

Qf t ) = Sfi 

Vl ' (t + s)(t + s + l)---(t + s + n) 

(in a not necesarily uncancellable presentation) satisfies the conditions 

Q(t)(t + k)\ t= _ k e Z, k = s,s+ 1,.. .,s + n. 
Then for all non-negative integers I there hold the inclusions 

^■(Q(t)(t + k)) (j) \ t= _ k eZ, k = s,s + l,...,s + n. 
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Lemma 3. For j = 3,4 there hold the inclusions 



(Rj(t)(t + k))\ t= _ k eZ, keZ, 

Dbt-min{a j: a* a }-l " + k ))'\ t =-k G Z ' 



k e Z, k = CI3, 03 + 1, 



,6^-1. 



(2.11) 
(2.12) 



Proof. The inclusions ( |2.11| ) can be verified by direct calculations: 



{Rjm+k)) 



(-1) 



k — di 



(k - aj y. (bj - k - 1)! 

if /c = a,, a,- + 1, . . . , bn — 1, 



'j ' 3 
otherwise 



To prove the inclusions ( |2.12| ) we apply Lemma |2] with / = 1 to the function Rj (t) 
multiplying its numerator and denominator if necesary by the factor (t + a^) ■ ■ ■ 
(t + a,j — 1) if cij > dl and by (t + bj) ■ ■ ■ (t + b\ 



1) if bj < b\. 



□ 



Lemma 4. The quantity ( |2.7| ) is a linear form in 1 and £(3) with rational coeffi- 
cients: 

G(a,6)=2AC(3)-S; (2.13) 

in addition, 

AeZ, D b *_ a *_ x ■ D max { ai _ blya2 _ b2yb 2-a 3 -i,b*-a 4 -i,b*-ai-i} • B 6 Z. (2.14) 

Proof. The rational function ( |2.4| ) has poles at the points t = — fe, where = 
a$, o| + 1, . . . , 6| — 1; moreover, the points t = —A;, where = 04, a^ + l, . . . , 63 — 1, 
are poles of the second order. Hence the expansion of the rational function ( |2.4j) 
in a sum of partial fractions has the form 

A, U ^ ru tig 

where the coefficients A k and in ( |2.15| ) can be calculated by the formulae 

A k = (R(t)(t + kf) | t= _ fc , k = dt, dl + 1, . . . , fc* - 1, 
S fc = (fl(t)(t + k) 2 )'\ t= _ k , k = a*, a* + 1, . . . , b\ - 1. 

Expressing the function R(t)(t + k) 2 as 



i?i(t) • i? 2 (t) • i2 3 (t)(t + fc) • R^(t)(t + k) 
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for each k and applying the Leibniz rule for differentiating a product, by Lemmas |] 
and H] we obtain 

Ak G Z, fc = 04,04 + 1, ...,63- 1, 
-Dmax{ai-6i, 02-62,64-03-1, 64 -a 4 -l} " G Z, = Og, Og + 1, . . . , 6 4 — 1 

(2.16) 



(where we use the fact that min{aj, 03} < cij for at least one j G {3, 4}). 
By ( |2T6| ) there holds 



bi-i bi-i 



B k = Res t=-k R(t) = - Res t=oc R(t) = 0. 



Hence, setting to = 1 — a\ in (|2.7| ) and using the expansion ( |2.15| ) we obtain 



-l) b ^G(a,b)= (E 



2A* 



65 — 1 

Si 



(t + kf 



6J-1 



\ k—a ls ^ ^ 6 4 — 1 /oo k — a^ 



2 E-ME-E)p+EME-EU 



=1 z=i 



fc=ag 1=1 1=1 



63 — 1 fc — 



64 — 1 k — a\ 



2E^c( 3 )-( 2 E^Ef+E b *Ep) 

fc=at k=a^ 1=1 k=at, 1=1 



= 2A((3) - B. 



The inclusions ( 2.14j ) now follow from (|2.16 ) and the definition of the least common 
multiple: 



1 



• ^ G E tor /=!.2 



64 0,-^ 1, 



D 2 



bl-al-1 ' A>*-a*-l ■ ^ 



1 



GZ for / = 1,2 



, „, . . .,63 - a* - 1. 



The proof is complete. 



□ 



Taking oi = 02 = 03 = 04 = 1 + n, 61 = &2 = 1 5 and 63 = 64 = 2 + 2n we 
obtain the original Apery's sequence 



00 j / 
2A n C(3) - B n = - ^7 



d /(t-l)(t-2) ••-(£- n) 



dt V t(t + 1) • • • (t + n) 



n = l,2, 



(2.17) 



of rational approximations to £(3) (cf. ||Gu| , |Nel|| ); Lemma ^ implies that A n G Z 
and -D^ • B n G Z in Apery's case. 
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3 Integral presentations 



The aim of this section is to prove two presentations of the linear form (|2.7[) , (|2.13|) : 
as a complex contour integral (in the spirit of |Gu| , |Nel|1 ) and as a real multiple 
integral (in the spirit of |Ee| , |Ha5| , |RV3|| ). 

Consider another normalization of the rational function (|2.4[) ; namely, 

T(t + ai) T(t + a 2 ) T(t + a 3 ) T(t + a 4 ) 



R(t) = R(a,b;t) := 



T(t + h) F(t + b 2 ) T(t + 6 3 ) T(t + b 4 



(3.1) 



and the corresponding sum 

00 

G(a,b) :=-(-l) 6l+b2 ^^(t) 



t=t 



(01 ~ 61)! (og ~ &g)j 
(63 - 03 - !) ! ( & 4 - 04 - 1) 



r G(o,b). (3.2) 



Note that the function ( |3.1| ) and the quantity ( |3.2| ) do not depend on the order of 
numbers in the sets {01,02,03,04}, {61,62}, and {63,64}, i.e., 

R(a,b;t) = R{a* ,b*;t), G(a, 6) =G(a*,b*). 



Lemma 5. There holds the formula 



G(a, b) = ^- 



F(t + 01) T(t + o 2 ) T(t + o 3 ) F(t + o 4 ) 

xr(i-t-6i)r(i-t-6 2 ) 



1 1 



r(t + 6 3 )r(t + 6 4 ) 

1 — Oi, 1 — 02, 1 — O3, 1 — 04 
1 - 61, 1 - 6 2 , 1 - 63, 1 - 64 



dt 



(3.3) 



where £ is a vertical line Re t = t\, 1 — a\ <t\ < 1 — 62, oriented from the bottom 
to the top, and G 4 ' 4 is Meijer's G-function (see ||Lu|| , Section 5.3). 



Proof. The standard arguments (see, e.g., ||Gu|| , [[Nel|| , Lemma 2, or |[Zu3|| , Lemma 
2.4) show that the quantity ( |tO| ) presents the sum of the residues at the poles 
t = -63 + 1, —62 + 2, . . . of the function 

2 



&1+&2 



TV 



sin 7rt 

+&2 



' T(t + 01) £g + o 2 ) T(t + 03) T(t + o 4 ) 
sin 7rt J T(t + 61) r(t + 6 2 ) T(t + 63) T(t + 64) 



It remains to observe that 



r(t + 6 J )r(i-t-6 J ) = (-1)' 



7T 



sin 7rt 



J = 1,2, 



(3.4) 



and to identify the integral in (|3.3|) with Meijer's G-function. This establishes 
formula (gj). □ 
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The next assertion allows one to express the complex integral (|373|) as a real 
multiple integral. 

Proposition 1 (Nesterenko's theorem ]Ne3 ] ) . Suppose thatm > 1 and r > are 

integers, r < m, and that complex parameters oo, oi, • • • , am, &i, ■ ■ • , b m and a real 
number t\ < satisfy the conditions 

Re 6fc > Re afc > 0, = 1, . . . , m, 

— min Reafc <t± < min Re(bk — afc — oo). 

0<fc<m K/c<r 



Then for any z G C \ (— oo, 0] there holds the identity 

nr = i^ fc ~ 1 a-^) bfc - afc - 1 

((1 - Xl)(l - X2) ■ ■ ■ (1 — £ r ) + ZX1X2 ■ ■ -Xm) 
UT=r+l T ( b k - «fc) 



dxi dx2 ■ ■ ■ dx r 



[0,1]' 



r ( a o) • ]lfc=i T ( b k - ao) 

x J_ [ tl+i °° UT=onak+t)-UUm-ak-ao-t) 

^L-ioo nr= r+ i r(6 fc + 1) 1 1 

where both integrals converge. Here z t = e tlogz and the logarithm takes real values 
for real z G (0, +00) . 

We now recall that the family of linear forms in 1 and £(3) considered in 
paper 



RV3II has the form 



I(h i k I m a r s) — lit ^ ~ (1 ~ y) V(1 " ^ dX ^ - (3 5) 
l(h,3,k,l,m,q,r, 8 )- JJJ (1 _ (1 _ ^g+fc-r l-(l- xy ) z ^ 

[0,1)0 

and depends on eight non-negative integral parameters connected by the additional 
conditions 

h + m = k + r, j + q = I + s, (3-6) 

where the first condition in (|3.6|) determines the parameter m (which does not 
appear on the right-hand side of (|3.5| ) explicitly), while the second condition en- 
ables one to apply a complicated integral transform v), which rearranges all eight 
parameters. 

Lemma 6. The quantity (|2.7| ) has the integral presentation 

G(a,b) = I(h,j,k,l,m,q,r,s), (3.7) 

where the multiple integral on the right-hand side of ( |3.7| ) is given by formula ( |3.5| ) 
and 

h = a 3 -h, j = a 2 -bi, fc = a 4 -&i, l = b 3 -a 3 -l, 

(3.8) 

m = CI4 — b 2 , Q = a-i — b 2 , r = as — b 2 , s = 64 — 04 — 1. 
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Proof. By the change of variables t i— ► t — b\ + 1 in the complex integral ( 
the application of Proposition [l] with m = 3, r = 1, and z = 1 we obtain 

(ai - &i)! (a 2 - 62)! 



and 



G(o, 6) 



(63-a 3 -l)!(64-a 4 -l)! 



x 



1-aO 



«3 — 1^,04 — bi 1 



1-1/) 



64 — 04 — ! 



X 




a 2 -b 1 



(1 



\ai-& 2 



[0,1] E 



(1 - (1 - xy)z) 



ai — bi + 1 



da; dy dz, 



which yields the desired presentation (|3.7| ). In addition, we mention that the 
second condition in ( |3.6| ) for the parameters (|3.8|) is equivalent to the condition 



a x + a 2 + a 3 + a 4 = 61 + b 2 + 63 + 64 - 2 
for the parameters fl2.1p . 



(3.9) 
□ 



The inverse transformation of Rhin- Viola's parameters to ( |2 . 1| ) is defined up 
to addition of the same integer to each of the parameters ( |2.1|) . Normalizing the 
set ( |2.1|) by the condition 61 = 1 we obtain the formulae 



01 = 1 + h + q — r, a 2 = l+j, 
h = l, b 2 = l + h 



03 = 1 + /i, a 4 
63 = 2 + h + I, 64 



1 + fc, 

2 + k + s. 



(3.10) 



Relations ( |3.8[ ) and ( |3.10| ) enable us to describe the action of the generators 
<p, x, $, a of the hypergeometric permutation group $ from |[RV3|| in terms of the 
parameters (|2.1|): 



(p: 



0: 



a : 



Oi) <^2, a 3 , a 4 
1, 62, 63, h 
01 j ^2, 03, 04 

1, &2, ^3, ^4 

ai, 02, 03, 04 
1, 62, h, 64 

ai, 02, 03, a4 
1, 6 2 , 63, ^4 



03, a 2l ai, 04 
1, 62, 63, ^4 

&2) Ai, &3j ^4 
1, &2, ^3, ^4 

63 — ai, 04, a 2 , 
1, 6 2 + 63 - ai - a 3 , 63 + ^4 

ai, 02, 04, o-s 

1, ^2, ^4, 63 



63 - a 3 
ai - a 3 , 63 



(3.11) 



Thus, 99, x, a permute the parameters 01,02,03,04 and 63,64 (hence they do not 
change the quantity ( |3.2|) ), while the action of the permutation d on the param- 
eters (|2.1| ) is 'non-trivial'. In the next section we deduce the group structure of 

2 4 

Rhin and Viola using a classical identity that expresses Meijer's G 4 ' 4 -function in 
terms of a well-poised hypergeometric 7-Fe-function. This identity allows us to do 
without the integral transform corresponding to d and to produce another set of 
generators and another realization of the same hypergeometric group. 
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4 Bailey's identity and the group structure for £(3) 

, formula (4.7.1.3)). 



Proposition 2 (Bailey's identity [ |Bal|j , formula (3.4), and 
There holds the identity 



7-^6 



a, 1 + |a, 6, c, <i, e, / 



1 



ha, 1 + a — 6, 1 + a — c, 1 + a — d, 1 + a — e, 1 + a — f 
r(l + a - 6) r(l + a - c) r(l + a - d) r(l + a - e) T(l + a - /) 



r(i + a) r(6) r(c) r(d) r(i + a - 6 - c) r(i + a - b - d) 

xT(l + a - c - d) T(l + a - e 

e + / — a, 1 — 6, 1 — c, 1 — d 

0, 1 + a — 6 — c — d, e — a, / — a. 



(4.1) 



/) 



xG^I 1 



provided that the series on the left-hand side converges. 
We now set 



n^rfi + fto-fti) 



F(/i) = F(/i ; fei, h 2 , h 3 , h 4 , h 5 ) :-- 

ho, 1 + 5^0) ^1) ^2, • • • 

i/i , 1 + h - hi, 1 + h - h 2 , ■ 



l + /io 



&5 
/t 5 



(4.2) 



for the normalized well-poised hypergeometric TFg-series. 

In the case of integral parameters h satisfying l+h > 2hj for each j = 1, . . . , 5, 
it can be shown that F(h) is a linear form in 1 and £(3) (see, e.g., Section |8| for the 
general situation). Ball's sequence of rational approximations to £(3) mentioned 
in Introduction corresponds to the choice h = 3n + 2, hi = h 2 = h 3 = /i 4 = /i 5 = 
n + 1: 



^C(3) + K = 2n! 2 ^(t+^ 



n"\ (t - 1) •••(*- n) • (t + n + 1) •••(* + 2n) 
2 



t 4 (t + l) 4 ---(t + n) 4 



n = 1,2,... 



(4.3) 



sec 



Ri3|| , Section 1.2). Using arguments of Section || (see also Section [F] below) 



one can show that D n ■ A' n e Z and D 4 . • 5^ G Z, which is far from proving the 
irrationality of £(3) since multiplication of ( |4.3| ) by .D 4 leads us to linear forms 
with integral coefficients that do not tend to as n — ► oo. Rivoal |[Ri3|| , Section 5.1, 
has discovered the coincidence of Ball's 



and Apery's ( |2.17|) sequences with 
the use of Zeilberger's Ekhad program; the same result immediately follows from 
Bailey's identity. Therefore, one can multiply (|4.3| ) by only to obtain linear 
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forms with integral coefficients! The advantage of the presentation (|4.3| ) of the 
original Apery's sequence consists in the possibility of an 'elementary' evaluation 
of the series on the right-hand side of (|4.3|) as n — > oo (see [ [Ri3|l , Section 5.1, 
and |[BK]| for details). 



Lemma 7. If condition (|3.9| ) holds, then 

G(a,b) 



nti(%- fe i)!-ntiK-M! 



F(h) 



YlLiihj - 1)! ■ (1 + 2/i -h 1 -h 2 -h 3 -h±- h s )i 



(4.4) 



where 



ho = bs + 6 4 - bi - ai = 2 - 2bx - b 2 + a 2 + a 3 + a 4 , 
hi = l — bi + a 2 , h 2 = l-bi + a 3 , I13 = 1 — b\ + 04, (4.5) 
/14 = 64 — ai, /15 = 63 — ai. 

Proof. Making as before the change of variables t \— > t — b\ + 1 in the contour 
integral (|3.3|), by Lemma |5] we obtain 



G(a, b) = Gl'Ul 



b x - ai, 61 - a 2 , 61 - a 3 , 61 - a 4 
0, 61 - 6 2 , 61 - 63, 61 - 64 



Therefore, the choice of parameters ho,hi,h 2 ,h3,h4, h$ in accordance with Q4.5|) 
enables us to write down the identity from Proposition ^| in the required form ( |4.4| ). 

□ 



The inverse transformation of the hypergeometric parameters to ( |2.1| ) requires 
a normalization of the parameters (|2.1|) as in Rhin- Viola's case. Setting b\ = 1 
we obtain 

ai = 1 + h - h 4 - h 5 , a 2 = hi, a 3 = h 2 , a 4 = h 3 , 

(4.6) 

bi = 1, b 2 = hi + h 2 + I13 — h , 63 = 1 + ho - hi, bi = l + h — h 5 . 

We now mention that the permutations a.jk of the parameters a,, Ofe, 1 < j < 
k < 4, as well as the permutations 612, 634 of the parameters 61, b 2 and 63, 64 re- 



spectively do not change the quantity on the left-hand side of ( fl.4| ). In a similar 
way, the permutations t)jk of the parameters hj,hk, 1 < j < k < 5, do not change 
the quantity on the right-hand side of (|4.4|) . On the other hand, the permuta- 



tions ai*;, k = 2,3,4, affect nontrivial transformations of the parameters h and 
the permutations i)jk with j = 1, 2, 3 and k = 4, 5 affect nontrivial transformations 
of the parameters a, b. Our nearest goal is to describe the group (25 of transfor- 
mations of the parameters (|2.1|) and (|4.5|) that is generated by all (second order) 
permutations cited above. 
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Lemma 8. The group (3 can be identified with a subgroup of order 1920 of the 
group 2ti6 of even permutations of a 16-element set; namely, the group (5 permutes 
the parameters 



Cjk 



aj - b k 



a 4 



if aj > b k , 
1 if aj < b k , 



j,k= 1,2,3,4, 



(4.7) 



and is generated by following permutations: 



(a) the permutations aj := Oj4, j = 1, 2, 3, of the jth and the fourth lines of the 
(4 x 4) -matrix 



( Cll C12 C13 C M \ 

C21 C 2 2 C 2 3 C 2 4 

C31 C 32 C33 C34 

\c 4 i C 42 C43 C44/ 



(4.8) 



(b) t/ie permutation b := 634 0/ the third and the fourth columns of the ma- 
trix (fOp; 



(4.9) 



(c) t/ie permutation b, := P)35 £/ia£ /jas the expression 

i) = (Cll C 33 )(ci 3 C 3 i)(c 2 2 C 44 )(C 2 4 C 42 ) 

m terms of the parameters c. 
All these generators have order 2. 

Proof. The fact that the permutation f) = (335 ac ts on the parameters (|4.7| ) in ac 



cordance with ( f4.9| ) can be easily verified with the help of formulae (|4.5|) and (|4.6|) : 

o-i, Oj2, 03, 04 \ / 63 — 03, a 2 , 63 — ai, 04 



1, &2, &3, ^4 



1, 6 2 + 63 - ai - a 3 , 63, 63 + 64 - ai - a 3 



(4.10) 



As said before, the permutations ajk, 1 < J ' < < 4, and f) 3 fc, 1 < j ; < < 5, 
belong to the group (01, 02, 03, b, f)); in addition, 

bi2 = f) Oi a 2 01 a 3 f) b fj a 3 ai a 2 ai f). 

Therefore, the group & is generated by the elements in the list (a)-(c). Obviuosly, 
these generators have order 2 and belong to 2tie- 

We have used a C++ computer program to find all elements of the group 



= (ai, o 2 , 03, b, fj). 



(4.11) 



These calculations show that contains exactly 1920 permutations. This com- 
pletes the proof of the lemma. □ 
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Remark. By Lemma |8] and relations ( [4.10|) it can be easily verified that the quan- 
tity b 3 + 64 — bi — b 2 is stable under the action of (55. 

Further, a set of parameters c, collected in (4 x 4)-matrix, is said to be admis- 
sible if there exist parameters (a, b) such that the elements of the matrix c can be 



obtained from them in accordance with (4.7) and, moreover 



c jk > for all j, k = 1, 2, 3, 4. 



(4.12) 



Comparing the action (|3.11|) of the generators of the hypergeometric group from 
RV3] on the parameters (2.1) with the action of the generators of the group (4.11). 



it is easy to see that these two groups are isomorphic; by ( |4.1U| ) the action of $ 
on ( |2.1| ) coincides up to permutations 01, 02, 03, b with the action of h. The set of 
parameters 



is exactly the set (5.1), (4.7) from ||RV3|| , and 



h = c 31 , j = C21, fc = C41, I = C33, 



m = c 42 , 



C12, r = c 32 , 



c 44 



On the other hand the hypergeometric group of Rhin and Viola is embedded 
into the group 2tio of even permutations of a 10-element set. We can explain 
this (not so natural, from our point of view) embedding by pointing out that the 
following 10-element set is stable under (J5: 



h 


-h\=b 3 


+ h 


- 1 


- 01 


- a 2 , 


g + hi = b 3 + 64 - 1 


- a 3 


- a 4 , 


h 


-h 2 =b 3 


+ b 4 


- 1 


- 01 


- a 3 , 


g + h 2 = b 3 + 64 - 1 


- a 2 


- 04, 


h 


-h 3 =b 3 


+ b 4 


- 1 


— ai 


— CI4, 


g + h 3 = b 3 + 64 - 1 


- a 2 


- «3, 


h 


- h 4 = b 3 


-h 








g + h 4 = 64 - 6 2 , 






h 


-h 5 =b 4 


-h 








g + h 5 = b 3 - 6 2 , 






9 = 


~-l + 2h - 


-h t - 


-h 2 


-h 3 


— h 4 — 


/15. The matrix c in (^] 


1) in 


terms 



parameters h is expressed as 

fh -h 4 -h 5 g 

hi -1 h - h 2 

h 2 - 1 h - hi 

\ h 3 -l ho - hi 



h 5 -l 
h 3 ho — hi — h 4 
h 3 ho - h 2 - h 4 
h 2 h -h 3 - h 4 



hi-1 \ 
h - hi - h 5 
h - h 2 - h 5 
h - h 3 - h 5 ) 



The only generator of 25 in the list (a)-(c) that acts nontrivially on the param- 
eters h is the permutation 01. Its action is 



(h ; hi, h 2 , h 3 , h 4 , h 5 ) ^ (1 + 2h - h 3 - h 4 - h 5 ; 

hi,h 2 , 1 + ho - h 4 - h 5 , 1 + h - h 3 - h 5 , 1 + h - h 3 - h 4 ), 



Arithmetic of linear forms involving odd zeta values 



15 



and we have discovered the corresponding hypergeometric 7-Fg-identity in ||Ba2 
formula (2.2). 

The subgroup (Si of (S generated by the permutations djk, 1 < j < k < 4, and 
bi2, 634, has order 4! ■ 2! • 2! = 96. The quantity G(a, b) is stable under the action of 
this group, hence we can present the group action on the parameters by indicating 
1920/96 = 20 representatives of left cosets <3/<3i = {qj(3i, j = 1, . . . , 20}; namely, 

qi=id, q2 = cii ci2 a 3 (), q 3 = fll p, ? q 4 = a 2 fll ^ 

q5 = f), qe = f) ai ci2 a3 f), q7 = &2 a 3 f), q 8 = a 3 I), 

qg = fj a 3 b fj, qio = a x a 2 f) a x a 2 b f), qn = a 2 f) a 3 a 2 b f), q i2 = b f), 

qi3 = o 2 o 3 b f), q M = a 3 b f), q i5 = a x o 2 o 3 b f), q i6 = ai b f), 

q 17 = o 2 01 b f), q i8 = a 2 f) ai a 2 bb,, qi 9 = a 3 t) a x b f), q 20 = t)aibh / ; 

we choose the representatives with the shortest presentation in terms of the gen- 
erators from the list (a)-(c). The images of any set of parameters (a, 6) under 
the action of these representatives can be normalized by the condition b± = 1 and 
ordered in accordance with ( ^9|) . We also point out that the group (55 1 contains 
the subgroup <£>o = (ai 2 bi 2 , a 3 4b 3 4) of order 4, which does not change the quantity 
G(a, b). This fact shows us that for fixed data (a, b) only the 480 elements q^a, 
where j = 1, . . . , 20 and a G 64 is an arbitrary permutation of the parameters 
ai,a 2 ,a 3 ,<24, produce 'perceptable' actions on the quantity (|2.7|). Hence we will 
restrict ourselves to the consideration of only these 480 permutations from G5 / C5o - 
In the same way one can consider the subgroup & x C (3 of order 5! = 120 
generated by the permutations f)jfc, 1 < j < k < 5. This group acts trivially on 
the quantity F(h). The corresponding 1920/120 = 16 representatives of left cosets 
(3/(3^ can be chosen so that for the images of the set of parameters h we have 



1 < h\ < I12 < hs < h 4 < h 5 ; 



of course ho > 2h 5 . 

For an admissible set of parameters ([4.7D consider the quantity 



c 33 !c 44 ! 



H(c):=G(a,b)= , , G(a,b). (4.13) 
cii!c 22 ! 

Since the group (5 does not change ( |4.4| ), we arrive at the following statement. 
Lemma 9 (cf. [ |KV3 ], Section 4). The quantity 



where 11 '(c) = c 2i ! c 3i ! c 4i ! c i2 ! c 32 ! c 42 ! c 33 ! c 44 ! , (4.14) 

77(c) 

is stable under the action of (3. 
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5 Irrationality measure of Rhin and Viola for £(3) 



Throught this section the set of parameters (|2.1|) will depend on a positive integer n 
in the following way: 



a± = a,\n + 1, a 2 = a 2 n + 1, a 3 = ct^n + 1, 04 = a^n + 1, 
hi = f3 x n + 1, b 2 = P 2 n + 1, b 3 = (3 3 n + 2, b 4 = (3 4 n + 2, 



(5.1) 



where the new integral parameters ('directions') (a, (3) satisfy by ( |2.2[ ), ( |3.9| ) 
and (|4.12| ) the following conditions: 



{Pi, P2} < {ai, 0:2, a 3 , a A ] < {/3 3 , /3 4 }, (5.2) 

«i + a 2 + «3 + «4 = Pi + P2 + P3 + Pa- (5.3) 

The version of the set (a, fS) ordered as in ( |2T9| ) is denoted by (a*, j3*). 

To the parameters (a, (3) we assign the admissible (4 x 4)-matrix c with ele- 
ments 

, a-j — Pk if oin > Pk, 

c jk = { 3 3 i, fc =1,2,3,4, (5.4) 



Pk - a-j if a 7 - < P, 



k, 



hence the set of parameters c-n corresponds to ( |5.1| ). With any admissible matrix c 
we relate the following characteristics: 



l<j,fc<4 



XAXCL-A. T 7 3 , ° 7 4 J 7 

l<j<4 



m 


= m (c) 


mi 


= roi(c) 


m 2 


= TO 2 (c) 



where /c 



max{c n , cifc, c 2 2, c 2 fc, c 34 , c 44 , c 33 , c 43 }, 

3 if /3 4 = /?£ (i.e., c ls < c M ) 

4 if /3 3 = /?4 (i- e -, c i3 > c M ) 



and write the claim of Lemma |] for the quantity ( |4. 13| ) as 

D 2 mi (c)n ■ Dm 2(c )n ■ H(cn) E 2ZC(3) + Z. (5.5) 



Fix now a set of directions (a, (3) satisfying conditions (|5.2|), (|5"T3|), and the 
corresponding set of parameters (|5.4| ). In view of the results of Section f|, we 
will consider the set A4q = M.q(ol,(3) = Aio(c) of 20 ordered collections (a',/3') 
corresponding to qj(o:,/3), j = 1, ... ,20, and the set M = M(a, (3) = M(c) : = 
{clMq} of 480 such collections, where a G ©4 is an arbitrary permutation of the 
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parameters a±, a 2 , a 3 , (equivalently, of the lines of the matrix c). To each prime 
number p we assign the exponent 

TI(cn) 



u v = max orcL — -. - N 
p ceM p n(c'n) 



and consider the quantity 



$ n = $ n (c): = J] p u ", (5.6) 

y / mon < p < m 3 n 

where 7773 = 7773(c) := min{mi(c), 7712(c) }. 

Lemma 10. For any positive integer n there holds the inclusion 

D 2 min ■ D m2n • C&- 1 • H(cn) G 2ZC(3) + Z. 
Proof. The inclusions 

D 2 min ■ D m2n ■ $- x • H(cn) G 2Z P C(3) + Z p (5.7) 
for p < ^Jm§n and p > 777377, follow from (|5.5| ) since ord p = 0. 



Using the stability of the quantity (|4.14| ) under the action of any permutation 



from the group (5, by (|5.5|) we deduce that 
2 n(c'n) 

= D 2 mi{c , )n ■ D m2{c>)n ■ H(c'n) G 2ZC(3) + Z, c' G M, 

which yields the inclusions (|5.7| ) for the primes p in the interval y/mon < p < m 3 n 
since 

™&p( D m x { c i)n ■ D m 2 { c ')n) < 3 = ord p (Z^ 3(c)n ) 

= ord P K, ( C )n • D ™ 2 (c)n) , c' EM{c) 

in this case. The proof is complete. □ 



The asymptotics of the numbers D min , D m2n in ( |5.7| ) is determined from the 
prime number theorem: 

\ogD mn . 
lim — = ro,-, j = 1, 2. 

n— >oo 77, 



For the study of the asymptotic behaviour of ( |5.6|) as 77 — > 00 we introduce the 
function 

(p(x) = max(|_c 2 ixj + [c 31 x\ + [c 41 x\ + [c 12 x\ 
c'eM 

+ [C 3 2X\ + [c 42 x\ + [C 33 X\ + [c 44 x\ 

- W 21 x\ - [c' 31 x\ - [c' 41 x\ - [c' 12 x\ 

~ L C 32 X J ~~ L C 42 X J — L C 33 X J ~~ L C 44 X J ) 5 
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where |_ - J is the integral part of a number. Then v v = (p(n/p) since ord p iV! 
\_N/p\ for any integer iV and any prime p > \/~N. 

Note that the function <p(x) is periodic (with period 1) since 



021 + c 31 + C 4 1 + Ci 2 + C 32 + C 42 + C 33 + C 44 = 2(/3 3 +04,-01- fh) 
/ . / , / . / . / , / . / . / 

— c 2 i -+- c 31 -+- c 41 ■+- c 12 -t- c 32 -t- c 42 -t- c 33 -t- c 44 



(see Remark to Lemma |8|); moreover, the function <p(x) takes only non-negative 
integral values. 

Lemma 11. The number ( |5.6|) satisfies the limit relation 

log$ n Z" 1 r 1 /^ ^ 

lim = / (p(x) dip(x) — / y?(a;)— (5-8) 

n^oo n J Jo x z 

where if>(x) is the logarithmic derivative of the gamma function. 

Proof. This result follows from the arithmetic scheme of Chudnovsky-Rukhadze- 
Hata and is based on the above-cited properties of the function <p(x) (see ||Zu3 



Lemma 4.4). Subtraction on the right-hand side of ( |5.8| ) 'removes' the primes 
p > m^n that do not enter the product $ n in ( |5.6|) . □ 



The asymptotic behaviour of linear forms 



H n := H(cn) = 2A n ((3) - B r 



and their coefficients A n , B n can be deduced from Lemma |6| and |[RV3|| , the argu- 
ments before Theorem 5.1; another 'elementary' way is based on the presentation 



H(c) 



(h - hi- h 2 )\ (h -hi- h 3 )\ (h - h 2 - h A )\ (h - h 3 - h 5 )\ 



(ft 4 -1)1(^-1)! 



x F(h) 



(5.9) 



and the arguments of Ball (see PR|| or |[Ri3|| , Section 5.1). But the same asymptotic 
problem can be solved directly on the basis of Lemma |5| with the use of the 
asymptotics of the gamma function and the saddle-point method. We refer the 
reader to [|Nel|| and ||Zu3|| , Sections 2 and 3, for details of this approach; here we 
only state the final result. 



Lemma 12. Let tq < T\ be the (real) zeros of the quadratic polynomial 



(t - ai)(r - a 2 )(r - a 3 )(r - a 4 ) - (r - 0i)(r - /3 2 )(r - (3 3 )(r - (3 4 ) 
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(it can be easily verified that P\ < tq < a\ and T\ > a 4 ); the function fo(r) in the 
cut t -plane C \ (—00, /?|] U [a*, +00) is given by the formula 

f (r) = a x log(«i - r) + a 2 log(a 2 - r) + a 3 log(a 3 - r) + a 4 log(a 4 - r) 

- px log(r -j3i) -fo log(r - ft) - ft log(ft - r) - ft log(ft - r) 

- («i - ft) log(oi - ft) - (a 2 - ft) log(a 2 - ft) 
+ (ft - "3) log(ft - as) + (ft - "4) log(At - "4), 

where the logarithms take real values for real r G (P 2 ,a\). T/ien 

log|ff„| , , logmax{|A„|,|B„|} 
hm = / (r ), hmsup < Re/ (ri). 

Combining results of Lemmas |ll| and as in [[RV3|1 , Theorem 5.1, we deduce 
the following statement. 

Proposition 3. In the above notation let 



-1 f 1/rn3 dx\ 

C 2 = 2mi + m 2 -l / <p(x)dip(x)— <p(x)—^\. 



C = -/o(ro), C^Re/otn), 
If C > C 2 , then 

P (CO)) < £±£. 

Looking over all integral directions (a, /3) satisfying the relation 

a x + a 2 + a 3 + a 4 = ft + ft + ft + ft < 200 (5.10) 

by means of a program for the calculator GP-PARI we have discovered that the 
best estimate for /i(£(3)) is given by Rhin and Viola in ||RV3|. 



Theorem 1 ( |[RV3]| ). The irrationality exponent of ((3) satisfies the estimate 

MC(3)) < 5.51389062... . (5.11) 
Proof. The optimal set of directions (a, (3) (up to the action of &) is as follows: 
ax = 18, a 2 = 17, a 3 = 16, a 4 = 19, 

(5.12) 

ft = 0, ft = 7, & = 31, /3 4 = 32. 

Then, 

r = 8.44961969 . . . , C = -fo(r ) = 47.15472079 

rx = 27.38620119 . . . , C x = Re / (r ) = 48.46940964 .... 
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The set M.q in this case consists of the following elements: 



16, 17, 18, 19 
0, 7, 31, 32 

13, 15, 17, 19 
0, 4, 29, 31 

11, 14, 15, 18 
0, 1, 27, 30 

14, 15, 16, 19 

0, 4, 28, 32 

15, 16, 18, 19 
0, 6, 30, 32 



12, 14, 16, 18 
0, 2, 27, 31 

13, 14, 15, 16 
0, 1, 25, 32 

11, 15, 16, 18 
0, 2, 28, 30 

13, 14, 16, 17 

0, 2, 26, 32 

12, 15, 16, 19 
0, 3, 29, 30 



12, 15, 17, 18 
0, 3, 28, 31 

13, 14, 16, 19 
0, 3, 28, 31 

12, 13, 14, 19 
0, 1, 28, 29 

13, 15, 16, 18 
0, 3, 27, 32 

12, 14, 15, 19 
0, 2, 28, 30 



14, 15, 18, 19 
0, 5, 30, 31 

12, 13, 16, 17 
0, 1, 26, 31 

14, 16, 17, 19 

0, 5, 29, 32 

13, 16, 17, 18 

0, 4, 28, 32 

10, 15, 16, 17 
0, 1, 28, 29 



an easy verification shows that mi = ms 
for x G [0, 1) is defined by the formula 



16 and m,2 = 18. The function (p(x) 



<p(x) 



i£xe[0,l)\f2 E , 

1 if x e Q E \ 

2 if x e Q\ 



Ei 



where the sets Qe and 0' E are indicated in [[RV3|1 , p. 292. Hence 



C 2 = 2mi + m 2 



(p(x) dif)(x) 



1/1713 , ,dx 



x- 



= 2 ■ 16 + 18 - (24.18768530 ... - 4) = 29.81231469 . 
and by Proposition ^| we obtain the required estimate (|5.11|) . 



□ 



Note that the choice ( |5.12| ) gives us the function <p(x) ranging in the set {0, 1, 2}; 
any other element of M. produces the same estimate of the irrationality expo- 
nent ( |5.11| ) with (p(x) ranging in {0, 1, 2, 3}. 

The previous record 



MC(3)) < 7.37795637... 
due to Hata |Ha5|| can be achieved by the choice of the parameters 

a.\ = 8, «2 = 7, c*3 = 8, «4 = 9, 

01 = 0, 02 = 1, /3 3 = 15, 04 



16, 



(5.13) 



(5.14) 



and the action of the group 0i/0q of order just 4! = 24 (we can regard this as a 
(a,b)-trivial action). For directions (ac,(3) satisfying the relation 



«i + a 2 + a 3 + a 4 < 0i + 02 + 03 + 04 < 200 
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(instead of ( |5.10|) ) we have verified that the choice ( |5.14j ) corresponding to Hata's 
case produces the best estimate of the irrationality exponent for £(3) in the class 
of (a, 6)-trivial actions. In that case we are able to use the inequality 



OL\ + a 2 + «3 + «4 < Pi + 02 + @3 + Pi 



instead of ( |5.3| ) since we do not use Bailey's identity. The mysterious thing is that 



the action of the full group <5 does not produce a better result than (|5.13|) for the 
parameters ( |5.14j ). 



6 Overview of the group structure for £(2) 

To a set of integral parameters 



(«,«= ( TT? 3 ] (6.i) 

01, 02, »3 



satisfying the conditions 



{h} < {ai,a 2 ,a 3 } < {62,03}, 
ai + a 2 + a 3 < 61 +6 2 + 63 - 2, (6.2) 



we assign the rational function 
R(t) = R(a,b;t) := 



(02 -a 2 -l)! (63-0.3-!)! 
(ai-61)! 
T(t + ai)T(t + a 2 )T(t + a 3 ) 



x 



T(t + b 1 )T(t + b2)T(t + b 3 ) 

3 



where the functions Ri(t), R 2 (t), and Rs(t) are defined in (|2.5|) . Condition ( |6.2|) 
yields ( pT6|) , hence the (hypergeometric) series 



G(a, b) := 2J R(t) with 1 — min{ai, a 2 , a 3 } < to < 1 — 61 (6.3) 



t=tn 



is well-defined. Expanding the rational function R(t) in a sum of partial fractions 
and applying Lemmas [I] and |3| we arrive at the following assertion. 

Lemma 13 (cf. Lemma [|). The quantity ( |6.3|) is a rational form in 1 and C(2) 
wrf/i rational coefficients: 



G(a,b) = A((2)-B; 



(6.4) 
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in addition, 



A G Z, Db'-al-l ■ -Dmax{ai-6i,b|-a 2 -l,6|-a 3 -l,6|-aJ-l} " -B G Z, 



where (a*, 6*) is £/ie ordered version of the set (|6.1| ): 

{6*} = {^j, { a *, a 2 , ag} = {ai, a 2 , a 3 }, {63, 63} = {62, &3>> 



6* < a* < a 2 < a* 3 < b\ < b* 3 . 
By Proposition [1] the series ( |6.3|) can be written as the double real integral 



(6.5) 



G(a, b) 



x a2 ~ bl {\ — x) b2 ~ a2 ~ 1 y a3 ~ bl (1 — y) b 3-»3-i 

— TiAax-bx + l 



[0,l] s 



(1 - xy) 



dx dy, 



hence we can identify the quantity ( |6.3| ) with the corresponding integral I(h, i, j, k, I) 
from |[RV2|| by setting 



h = a 2 -h, z = 6 2 -a 2 -l, j = b 3 -a 3 -l, 
k = 03 - 61 , / = (61 + 6 2 + 63 - 2) - (ai + a 2 + 03); 

the inverse transformation (after the normalization b\ = 1) is as follows: 

a\ = 1 + % + j — I, a 2 = 1 + h, a 3 = 1 + k, 
h = l, b 2 = 2 + h + i, b 3 = 2+j + k. 

In the further discussion we keep the normalization b\ = 1. 
The series 



~ r(ai)r(o 2 )r(a 3 ) r / 01, 02, 03 
G(a ' b): -T(WN' 3F2 1 6 2 ,6 3 



and 

= F(/i ; /n, fc 2 , &s, ^4 := , . 7 — 

n, =1 r(i + /i -/i J ) 



^0) 1 + oho, 



hi, ... 



tu 



|/i , 1 + /io — hx, . . . , 1 + ho — h 4 
play the same role as (|3.2|) and (|4.2[) played before since one has 

G(q, b) 

r(ai) T(a 2 ) T(a 3 ) r((6 2 + 6 3 ) - (ai + a 2 + a 3 )) 

r(/n)r(/i 2 )r(/i 3 )r(/i 4 ) 



-1 



(6.6) 
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where 



and 



ho = hi + 63 — 1 - ai, hi = 02, /12 
/i3 = &3 - oij h± = b 2 -a x , 



03, 



61 



1 + /io — ^3 — ft<4, d2 = hi, as = /l2, 

1, 6 2 = 1 + fro - /i3, ^3 = 1 + h - /l 4 , 



by Whipple's identity [ |Ba3|| , Section 4.4, formula (2). The permutations ajk, 
1 < j < k < 3, of the parameters aj,ak, the permutation 623 of b 2 ,bs, and the 
permutations fjjfc, 1 < j < k < 4, of the parameters hj, hk do not change the quan- 



tity (|6.6|) . Hence we can consider the group (3 generated by these permutations 
and naturally embed it into the group ©10 of permutations of the 10-element set 



coo = (h + b 3 ) - (ai + a 2 + a 3 ) - 1, 
aj - b k if cij > b k , 



Cjk — 



bk — a 7 - — 1 if a 7 - < bk, 



j,k= 1,2,3. 



The group & is generated by the permutations cii := di 3 , a 2 := 023, b '■= b 23 , 
which can be regarded as permutations of lines and columns of the '(4 x 4)-matrix' 



(6.7) 



/ coo \ 

Cll C12 C13 
C21 C 2 2 C 2 3 
V C31 C 32 C33/ 

and the (a, 6)-nontrivial permutation f) f)23, 



f) = (c C22XC11 C 33 )(ci 3 C31); 

these four generators have order 2. It can be easily verified that the group <5 — 
(01, a 2 , b, f)) has order 120; in fact, we require only the 60 representatives of ©/(So, 
where the group (Sq = {id, 023623} acts trivially on the quantity 



H(c) := G{a,b) 



C22! C33! 
en! 



G(a,b). 



Thus, we can summarize the above as follows. 
Lemma 14 (cf. ||RV2|| , Section 3). The quantity 



H(c) 



77(c)' 

is stable under the action of <3 = (01, a 2 , b, f)). 



where i7(c) = c q! c 2 i! c 3 i! C22! C33! 
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If one shifts indices of Cjk by one then the group for £(2) can be naturally 
regarded as a subgroup of the group <3 for £(3) (compare the generators of both 
groups). The group for £(2) coincides with the group <fr of Rhin and Viola 
from ||RV2|| since permutations ip, a G 3? are (a, b)-trivial in our terms and for 
r G «& we have 

r = a 2 ai b I) a 2 Oi b h. 

We now fix an arbitrary positive integer n and integral directions (a, f3) satis- 
fying the conditions 

{Pi = 0} < {ai, a 2 , a 3 } < {p 2 , P3}, 
0.1 + a 2 + a 3 < Pi + P% + p 3 , 

so that the parameters ( |6.1[ ) are expressed as follows: 

ai = a in + 1, a 2 = a 2 n + 1, 03 = a^n + 1, 
b 1 =p 1 n + l, b 2 =p 2 n + 2, b 3 =p 3 n + 2, 

and consider, as in Section |5], the corresponding set of parameters 

coo = (Pi + P2+ P3) - (ai + a 2 + a 3 ), 

jaj-Pk if oij > Pk, 
Cjk = < J)k = 1,2,3; 

/3 fc - aj if «j < p k , 



(6.8) 



hence the set c • 71 corresponds to ( |6.8|) . Set 
mi = mi(c) := /3g - a*, 

m 2 = m 2 (c) := max{«i - /3i,/3g - a 2 ,/3g - «3,/3 2 - 
m3 = m3(c) := min{mi (c), m 2 (c)}, 



where asterisks mean ordering in accordance with ( |6.5| ). To the 60-element set 
M. = M(c) = {q c : q G <25/<25 } we assign the function 

<p(x) = max([cooa:J + [c 2 ix\ + [c 3 ix\ + [c 22 x\ + [c 33 x\ 
c'eM 

~ l c 00 x \ - L C 21^J - L C 31 X J - L C 22^J - L C 33^J), 

which is 1-periodic and takes only non-negative integral values. Further, let tq 
and n, To < Ti, be the (real) zeros of the quadratic polynomial 

(r - c*i)(t - a 2 )(r - a 3 ) - (r - Pi)(r - p 2 )(r - p 3 ) 
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(in particular, tq < 0i and T\ > a^) and let 

fo(r) = on log(«i - r) + a 2 log(a 2 - r) + a 3 log(a 3 - r) 

- 0i log(r - 0j) - 2 log(0 2 - r) - 3 log(0 3 - r) 

- («i - 0i) log(«i - 0i) + (0 2 - a 2 ) log(0 2 - a 2 ) 
+ (03 ~ as) log(/?3 - afc) 

be a function in the cut r-plane C \ (—00, 0i] U [a*, +00). Then the final result is 
as follows. 

Proposition 4. In the above notation let 

C = -Re/o(r ), Ci=Re/ (ri), 

/ f 1 f 1/m3 dx 

C 2 =mi+m 2 -[ I (p(x)dip(x) - / ip(x) — 



x- 



IfC > C 2 , then 

MC(2)) < 

In accordance with |[RV2|| we now take 



cti = 13, a 2 = 12, a 3 = 14, 
1 = O, /3 2 = 24, /3 3 = 28 



(6.9) 



and obtain the following result. 

Theorem 2 ( [[RV2|1 ) . The irrationality exponent of ((2) satisfies the estimate 

MC(2)) < 5.44124250 ... . (6.10) 

Observation. In addition to the fact that the group for £(2) can be naturally 
embedded into the group for C(3), we can make the following surprising observation 
relating the best known estimates of the irrationality exponents for these constants. 
The choice of the directions (15. If) with 



cti = 16, a 2 = 17, as = 18, «4 = 19, 
A = 0, 2 = 7, 03 = 31, 04 = 32 

for C(3) (cf. ( |5.12| ) ) and the choice of the directions ( |6~^ ) with 

«i = 10, a 2 = 11, CK3 = 12, 
1 = O, 2 = 24, 03 = 25 
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for C(2) (which is (3-equivalent to 
and (O): 



/16 9 15 16\ 

17 10 14 15 

18 11 13 14 
\19 12 12 13/ 



and 



lead to the following matrices ( f4.8|) 



/16 \ 

10 14 15 

11 13 14 
\ 12 12 13/ 



(6.11) 



The first set of the parameters in (|6.11|) produces the estimate (|5.11|) , while the 
second set the estimate ( |6.10|) . 

Finally, we point out that the known group structure for log 2 (and for some 
other values of the Gauss hypergeometric function) is quite simple since no identity 
like (|4.1| ) is known; the corresponding group consists of just two permutations 



see [|Vj| for an explanation in terms of 'multiple' integrals). 



7 Arithmetic of special rational functions 

In our study of arithmetic properties of linear forms in 1 and £(3) we have used 
the information coming mostly from G-presentations (|4.13| ). If we denote by F(h) 
the right-hand side of (|5.9|) and apply Lemma [7], then one could think that the 
expansion 

oo 

= (7.1) 

t=o 

where we now set 

6 

R(t) = R(h ; h!,h 2 , h 3 , hi, h 5 ; t) = (h + 2t) JJ R 3 (t) 

3=1 

with 



R 5 (t) 



Ri(t) 


= (h - hi 


-h 2 )\- 


r(i + h - h 2 + 1) ' 


R 2 (t) 


= (h - h 2 


-ht)l- 


T(h 2 + t) 


T(l + ho-hi + t)' 


R 3 (t) 


= (h - hi 


-h 3 )l- 


T(h 3 + t) 


rii + ho-tn + ty 


R 4 (t) 


= (h - h 3 


-h 5 )l- 


T(h 5 + t) 


r(i + ho-h 3 + ty 


l 


T(h 4 + 1) 


R 6 (t) 


1 T(ho + t) 


-1)! 


r(i + t) ' 


(h 5 -iy. r(i + ho-h 5 + ty 



(7.2) 
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brings with it some extra arithmetic for linear forms H(c) since the functions ( |7.2j) 
are of the same type as ( |2.5|) . Unfortunately, we have discovered that (quite compli- 
cated from the computational point of view) arithmetic of the presentations ( |7.1| ) 
brings nothing new. 

For our future aims we now study the arithmetic properties of elementary 
'bricks' — rational functions 

(t + b)(t + b+l)---(t + a-l) . r 

it a > o, 

17.3) 

if a < b, 



R(t) = R(a,b;t) := 



(a -b)\ 
(b-a-l)\ 



(t + a)(t + a + 1) •••(* + b - 1) 

which are introduced by Nesterenko |[Ne2| , |Ne3|| and appear in (|2.5|) and (|7.2|) . 
The next claim exploits well-known properties of integral- valued polynomials. 

Lemma 15 (cf. Lemma [j]). Suppose that a > b. Then for any non-negative inte- 
ger j there hold the inclusions 



D 3 a _ h --R^\-k)eZ, keZ. 



J 

The next claim immediately follows from Lemma [2] in the same way as Lemma 0. 

Lemma 16. Let a, b, ao, bo be integers, ao < a < b < bo- Then for any non- 
negative integer j there hold the inclusions 
1 



G Z, 



k = a ,a + l,...,b -l. 



Lemmas [15] and |16] give a particular (but quite important) information on the 
p-adic valuation of the values R^\—k) and (R(t)(t + k)y^\ t __ k respectively, with 
a help of the formula ord p Dn — 1 for any integer iV and any prime p in the interval 
\fN < p < N. Two next statements are devoted to the 'most precise' estimates 
for the p-adic order of these quantities. 

Lemma 17. Let a, 6, ao, bo be integers, bo < b < a < ao, and let R(t) = R(a, 6; t) be 
defined by (|7.3|). Then for any integer k, bo < k < ao, any prime p > V a o — — L 
and any non-negative integer j there hold the estimates 

a — b 



ord p R ij) (-k) > -j + 
= -3 + 



a — 


1 


-k 




b- 


- 1 - 


- k 






V 








p 






k - 


b 




k- 


a 




a - 


-b 


p 




P 




V 



p 



(7.4) 



Proof. Fix an arbitrary prime p > ^/ao — bo — 1. First, we note that by the defi- 
nition of the integral part of a number 



where 5^ 



if x e z, 

1 if x <£ Z, 



28 



W. Zudilin 



which yields 



Therefore, 



s 




8-1 


- p. 




. P . 



1 for s e Z. 



k-b 




b-l-k 


-1, 


a — 1 — k 




k — a 


- p _ 




P 


P 




. P . 



for any integer ft. 

Direct calculations show that 



(a - 1 - ft)! 



(b - 1- k)\ (a - b)\ 



R(-k) = < 







-1) 



a — b 



(k-b)\ 



(k-a)\(a-b)\ 



if k < b, 
if b < k < a, 
if k > a; 



thus, 





a-1 


- ft 




b- 


- 1 - 


- ft 




a — b 


if ft < a, 


> 




















P 








P 






P 






fc-6 




ft- 


a 




a - 


-6 




if ft > b, 


> 


















P . 




P 




L p J 





which yields the estimates (|7.4j) for j = with the help of ( f7.5| ) . 
If ft < 6 or ft > a, consider the function 



r(t) 



a — l 1 

Y — 



R'(t) 

R(t) f^t + V 



hence for any integer j > 1 there hold the inclusions 

r CJ-i)(_fc) .Tp- X . . , , n £Z. 

v ' maxja— bo — l,ao — b— 1} 

Induction on j and the identity 

j-i 



flW(t) = (fl(t)r(t)) W - 1) = X; 



m=0 



77?. 



^(m)^ r a-l-m)^ 



specified at t = — ft lead us to the required estimates ( |7.4| ) 
If b < ft < a, consider the functions 



i*fc(*) 



r fe (t) 



a — 1 

F — 



t + ft w i2 fc (t) f^t + 1 ' 

i^k 

obviously, for any integer j > 1 there hold the inclusions 



(7.5) 



(7.6) 



r { r 1] {-k)-Di-_UeZ. 
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Then 



since 



i*C?)(_fc) =jRV- 1 \-k) 



Rk(-k) - (-1) ^-^ , 

and induction on j in combination with identity ( [7.6| ) (where we substitute Rk(t), 
rk(t) for R(t),r(t), respectively) show that 

ord p R^(-k) > OTd p R^~ 1] (-k) 
>-(j-l) + 



for integer j > 1. Thus, applying 
again. The proof is complete. 



k-b 


+ 


a — 1 — k 




a — b 


p . 


V 




. P . 



we obtain the required estimates ( |7.4j) 

□ 



Lemma 18. Let a, b, ao, »o &e integers, ao < a < 6 < bo, and let R(t) = R(a, b; t) be 
defined by (|7.3|). Then for any integer k, ao < k < bo, any prime p > y/bo — ao — 1, 
arid arw/ non-negative integer j there hold the estimates 



, 0) i 





b — a — 1 




k — a 




6-1-Jfe 



























• (7-7) 



Proof. Fix an arbitrary prime p > y/bo — a o — 1- We have 

(6-a-l)! 

(*(*)(* + *))L_* "~" _ 



(fc-a)!(6-l-fc)! 



if a < /c < 6, 



if k < a or k > b, 



which yields the estimates (|7.7| ) for j = 0. 

Considering in the case a < k < b the functions 



R k (t) = R(t)(t + k), r k (t) 



b-i 

Y — 



R k (t) f^t + i 

l=a 
l^k 



and carrying out induction on j > 0, with the help of identity ( |7.6| ) (where we 
take Rkif), rk(t) for R(t), r(t) again) we deduce the estimates ( [7.7]) . 
If k < a or k > b note that 

(R(t)(t + k)) {j) ^ 



\t=-k 



Since 



jR^-'H-k) 
(b-a-l)\(a-l-k)\ 



(6-1-fc)! 
_ a (6- a -!)!(*-&)! 



if k < a, 



R(-k) 



induction on j and equalities (|7.5|) yield the required estimates 
proof is complete. 



again. The 
□ 
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8 Linear forms in 1 and odd zeta values 



Since generalizations of G-presentations ( |2.13|) , ( |6.4j ) lead us to forms involving 



both odd and even zeta values, it is natural to follow Rivoal dealing with F- 
presentations. 

Consider positive odd integers q and r, where q > r + 4. To a set of integral 
positive parameters 

h = (ho; hi,..., h q ) 

satisfying the condition 

h 1 + h 2 + --- + h q < h - (8.1) 
we assign the rational function 
R(t) = R(h;t) 

. 2f) r(h + tyr(h 1 + t)---r(h q + t) 

' { °^ ) T(l+tYT(l + h -h 1 +t)---T(l + ho-h q + t)- l ' J 



R(t) = 0[^\, (8.3) 



By we obtain 

= n( 

t 2 



hence the quantity 



i=0 



is well-defined. If r = 1, the quantity (|8.4| ) can be written as a well-poised hyper- 
geometric series with a special form of the second parameter; namely, 

F(h)~ hol{kl ~ 1)1 "' 



(ho-h 1 )\---(h -h q )\ 



x q+2 F q+1 



ho, 1 + \ho, hi, ... , h q 

±h , 1 + h - h x , . . ■ , 1 + ho - hq 



1 



(cf. (|4.2| ) ) , while in the case r > 1 we obtain a linear combination of well-poised 
Meijer's G-functions taken at the points e , where k = ±1, ±3, . . . , ±(r — 2). 

Applying the symmetry of the rational function (8^2) under the substitution 
£ i— > — £ — /io : 

#(-£ - fc ) = _(_i)^o(9+r)^ = (- 8-5 ) 



where we use the identity (|3.4|) , and following the arguments of the proof of 
Lemma ^| we are now able to state that the quantity (|8.4[) is a linear form in 1 
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and odd zeta values with rational coefficients. To present this result explicitly we 
require the ordering 



hi < h 2 < ■ ■ ■ < h q < ^h 



and the following arithmetic normalization of ( |8.4| ): 

1 



U q ,,(h -2hA\ ~ 



where the rational function 



(r-1) 



in E ^'w. 



ffm-TT 1 r(/tj + t) TT 1 
w- Mf^-D! m + fl " 11 r/j, _ D! rfi 



r(/i + *) 



l (/», - 1)! r(i + 1) jla - 1)! r(i + ho - hj + 1) 



16) 



i-7) 



is the product of elementary bricks (|7.3|). Set mo = max{/i r — 1, ho — 2h r+ i} and 
max{mo, ho — hi — h r+ j} for j = 1, . . . , q— r, and define the integral quantity 



mi 



where 



n p^ 

n^<p<m q - r 



(8.8) 



and 



min {ffc, P } 



: =E' 





fc-1 




/io — & — 1 


( 




+ 




. p _ 




p 



fe — hj 




ho — hj — k 


- 2 


hj-1 


) 






V 


. P _ 





( 


ho — 2hj 




k — hj 




ho — hj — k 


) 




V 




. P . 




V 





(8.9) 



+ E 

j=r+l 

In this notation the result reads as follows. 

Lemma 19. The quantity (|8.6| ) is a linear form in l,C( r + 2),£(r + 4),... 
£(g — 4), ((q — 2) roit/i rational coefficients; moreover, 

D r mi D m2 ■ ■ ■ D mq _ r ■ ■ F(h) E Z((q - 2) + Z((q - 4) + • • ■ + ZC(r + 2) + Z. 



Proof. Applying the Leibniz rule for differentiating a product, Lemmas [15], [L6| and 
Lemmas |17|, |18| to the rational function (|8.7|) we see that the numbers 



B 



jk 



(q-JV- 



(R(t)(t + ky- r ) 



lt=-fc' 



j = r + 1, . . . , g, fc = /i r+ i, . . . , /i - fr r +i, 
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satisfy the relations 

D*-*.B jk eZ (8.10) 

and 

OTd p Bjk>-(q-j)+u kiP , (8.11) 



respectively, for any k = h r +i, . . . , h — h r+ i and any prime p > y/ho~. Furthermore, 
the expansion 

q ho — hj 

m = E E 

j=r+l k=hj 

leads us to the series 



B jk 

(t + ky~ r 



m= E E EME-E ^ 

j=r+l V 7 k=hj E=l 1=1 7 



where 



Aj^CU-V-Ao, 

j=r+l 



A i-i=U_l) E J=r + l,...,g, (8.12) 

^ 7 k=hj 

q / . _s hg — hj k — h\ 



e (;: ) e^Efi 

« — \ / 7 I, . 1 — 1 



j=r+l v ' k=hj 1=1 

By ( |8.10| ) and the inclusions 

k — hi 



for any k = hj, . . . , ho — hj, j = r + 1, . . . , q, we obtain the 'fairly rough' inclusions 

D£ j ~ 1 -A j eZ for j = r,r + l,...,q-l, 
D r mi D m2 ...D mq _ r -A eZ, 

which are (in a sense) refined by the estimates ( |8.11 ): 



ordp Aj > — (q — j — 1) + v p for j = and j = r, r + 1, . . . , q — 1 
with exponents z/ p defined in (|8?9|). To complete the proof we must show that 
A r = and A r+ i = A r+ 3 = ■ ■ ■ = A q s = A q -\ = 0. 
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The first equality follows from (|8.3| ); by (|8.5| ) we obtain 

B jk = (-l) J B jM - k for j = r + 1, . . . , q, 
which yields Aj-i =0 for odd j according to (|8.12|) . The proof is complete. □ 



To evaluate the growth of the linear forms ( |8.6| ) so constructed we define the set 
of integral directions t] = (770; 771 , . . . , rj q ) and the increasing integral parameter n 
related with the parameters h by the formulae 

ho = Vo n + 2 and hj = r]jn +1 for j = 1, . . . , q. (8.13) 

Consider the auxiliary function 

fo(r) = rn log(??o - r) + ^{Vj log(r - rjj) ~ (Vo ~ Vj) log(r -rj +Vj)) 

3=1 

r q 

~ 2 Yl 11 j lo ^Vj + ^2 (Vo- 2 Vj) log(r? - 2Vj) 

j—\ j=r+l 

defined in the cut r-plane C \ (—00,770 — ^1] U [^o>+°°)- The next assertion is 
deduced by an application of the saddle-point method and the use of the asymtotics 
of the gamma factors in (|8.7| ) (see, e.g., ||Zu3|| , Section 2, or |[Ri4|| ). We underline 



that no approach in terms of real multiple integrals is known in the case r > 3. 
Lemma 20. Let r = 3 and let To be a zero of the polynomial 

(r - VoY(r ~ Vi) ■ ■ ■ (r - rj q ) - r r {r - rj + rji) • • • (r - rjo + rj q ) 

with Imro > and the maximum possible value of Re To. Suppose that Re to < t]o 
and Im/o(ro) ^ 7rZ. Then 

hmsup = Re / (r ). 

n — >oo TL 

We now take 

nij = ma,x{rj r ,rjo -2rj r+1 ,rjo - rj! - rj r+j } for j = 1, . . . , q - r 

(hence we scale down with factor n the old parameters). The asymptotics of the 
quantity (|8.8[) as n — > 00 can be calculated with the use of the integral-valued 



function 

r 

<Po{x,y) ■= ^2([y\ + [Vox -y\- [y- n 3 x\ - L(??o - T)j) x ~v\~ 2 lVjx\) 
i=i 

+ (Kvo - %Vj) x \ -lv- m x \ - Kvo - m) x - y\), 

j—r+l 
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which is 1-periodic with respect to each variable x and y. Then by (|8.9| ) and ( |8.13|) 
we obtain 

( n k — 1\ ( n\ 
v v = min (p [-, )>¥>(-), 



where 



(f(x) := min <po(x,y) = min ip (x,y). 

y£]R 0<y<l 



Therefore, the final result is as follows. 
Proposition 5. In the above notation let r = 3 and 

C = -Re/oCro), 

/ f 1 rl/mg-r fix 

C 2 = rmi +m 2 -\ h m q - r - I / ip(x) dip(x) - / <^(x) — 

//Co > C*2, t/ien at /east one of the numbers 

C(5), C(7), C(?"4), andC(9-2) 

irrational. 

We are now ready to state the following new result. 
Theorem 3. /east one of the four numbers 

C(5), C(7), C(9), and ail) 

is irrational. 

Proof. Taking r = 3, q = 13, 

r7o = 91, ^=773=773 = 27, rjj = 25 + j for j = 4, 5, ...,13, 
we obtain r = 87.47900541 . . . + i 3.32820690 . . . , 

C = - Re / (t ) = 227.58019641 . . . , 

/ f 1 /" 1/33 dx\ 

C 2 = 3-35 + 34 + 8-33 - I J <p(x) di/j(x) - J <p(x) J 

= 226.24944266. . . 

since in this case 

(p(x) = v if x G Vtv \ v = 0,1, ... ,9, 

for x G [0, 1), where fi = [0, 1), 
fii = 2 = [|[, §f) U [§?,!), 
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The application of Proposition [5] completes the proof. □ 



Remark. In ||Zu4|| we consider a particular case of the above construction and arrive 



at the irrationality of at least one of the eight odd zeta values starting from ((5); 
namely, we take r = 3, q = 21, rjo = 20, and rjx = ■ • ■ = 7721 = 7 to achieve this 
result. 

Looking over all integral directions 77 = (rj ; rji, ... , rj q ) with q = 7, 9, and 11 
satisfying the conditions 

f?i < m < ■ ■ ■ < Vq < 7^0 and r]o < 120 

we have discovered that no set 77 yields the irrationality of at least one of the 
numbers C(5), C(7), and £(9) via Proposition ||. Thus, we can think about natural 
bounds of the 'pure' arithmetic approach achieved in Theorem |3|. 

In a similar way our previous results ||Zu4|| on the irrationality of at least one 
of the numbers in each of the two sets 

C(7), C(9), C(H), - C(33), C(35), 
C(9), C(H), C(13), - C(49), C(51) 

can be improved. We are not able to demonstrate the general case of Lemma |20| , 
although this lemma (after removing the hypothesis Re To < rjo) remains true for 
odd r > 3 and for any suitable choice of directions r] (cf. ||Zu3|| , Section 2). 

9 One arithmetic conjecture and 

group structures for odd zeta values 

To expose the arithmetic of linear forms produced by the quantities ( |8.4| ) in the 
general case we require a certain normalization by factorials similar to (|7.1| ), (|7.2|) , 
or ( jSlf ). To this end we introduce a contiguous set of parameters e: 



eok = hk - 1, 1 < k < q, and e jk = ho - hj - h k , 1 < j < k < q, (9.1) 
which plays the same role as the set c in Sections |]-^], and fix a normalization 

where ili(e) is a product of some q — r factorials of ejk and n 2 {e) is a product of 
2r factorials of eok' with indices satisfying the condition 

L)0, fc > U U^'> = {1, 2, ...,?} U {1, 2, ... , q}. 

j,k k' 
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For simplicity we can present a concrete normalization; denoting 



hj for j = l,...,q, 

h for j = q + l,...,q + r, 



1 for j = l,...,r, 

1 + h - hj- r for j = r + 1, . . . , r + q, 

we define the rational function 

q+r 

R(t) = R(h; t) := (h + 2t) JJ R(a j: bj;t) 

3 = 1 

(where the bricks R(aj, bj-,t) are defined in ( [7.3|) ) and the corresponding quantity 

m -t-^E^'w = fr 7 + U qlr r ' r — V F{h). (9.2) 

( r - 1 ) ! T^o rii=i e 0j } - ■ U J=q +i eo,j-r ] - 

Nesterenko's theorem in [ |Ne3|| (which is not the same as Proposition |l] in Sec- 
tion |3p and our results in Section |7| yield the inclusion 

D r mi D m2 ■ ■ ■ D mq _ r ■ F(h) G Z((q - 2) + Z((q - 4) + • • • + ZC(r + 2) + Z, (9.3) 

where mi, 7712, . . . , rn q - r are the successive maxima of the set e, and Lemmas [T7[ 
allow us to exclude extra primes appearing in coefficients of linear forms 



In spite of the natural arithmetic (|9.3| ) of the linear forms ( |9.2j ), Ball's exam- 
ple (|4.3| ) supplemented with direct calculations for small values of ho, hi, . . . , h q 



and Rivoal's conjecture |pFLi3|| , Section 5.1, enables us to suggest the following. 



Conjecture. There holds the inclusion 

D r mi D m2 ■ ■ ■ D mq r l ■ F(h) e Z((q - 2) + Z((q - 4) + • • • + Z((r + 2) + Z, 
where mi, ni2, . . . , m 9 _ r _i are the successive maxima of the set (|9.1|) . 



We underline that a similar conjecture does not hold for the quantities 

1 00 

F(h; z) := 7 n V ifr-Vlftz* with z ^ ±1 

v ' (r - 1) ^ w ^ 

v y t=o 

producing linear forms in poly logarithms; the case z = ±1 is exceptional. 

If this conjecture is true, cancellation of extra primes with the help of Lem- 
mas [17], |18] becomes almost useless, while the action of the ^.-trivial group (i.e., the 
group of all permutations of the parameters hi, ... , h q ) comes into play. Indeed, 
the quantity 
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is stable under any permutation of hx,...,h q , hence we can apply arguments 
similar to the ones considered in Section |5] to cancell extra primes. 

Finally, we mention that an analytic evaluation of linear forms F(h) and their 
coefficients after a choice of directions and an increasing parameter n can be carried 
out by the saddle-point method, as in ||Zu3|| , Sections 2 and 3 (see also |[He| , [Ri4| , 
Ne3| ). 



The particular case r = 1 of the above construction can be regarded as a natural 
generalization of both the Rhin-Viola approach for £(3) and Rivoal's construction 



Ril|. In this case we deal with usual well-poised hypergeometric series, and the 



group structure considered above, provided that Conjecture holds, as well as the 
approach of Section ^| will bring new estimates for the dimensions of the spaces 
spanned over Q by 1 and C(3), C(5), C(7), • • ■ ■ If we set r = 1, q = k+2, ho = 3n+2, 
and hi = ■ ■ ■ = h q = n + 1 in formula (|9.2| ), where n, k are positive integers and 
k > 3 is odd, and consider the corresponding sequence 



_ 9 ,fc-ivV, | n\ (t-l)---(t-n)-(t + n + l)---(t + 2n) 
4r\ 2/ t k + 1 (t + l) k + 1 ---(t + n) k + 1 



, i ^ (9.4) 
G QC(k) + QC(k - 2) + • • • + QC(3) + Q, n = 1, 2, . . . 

(cf. ( [Op ), then it is easy to verify that 

lim lQg ^ 5 '"* = -6.38364071 .... (9.5) 

n^oo 77, 

The mysterious thing here is the coincidence of the asymptotics ( |9.5| ) of the linear 
forms Fs^ n with the asymptotics of Vasilyev's multiple integrals 

x™(l — xi) n ■ ■ -£5(1 — x 5 ) n dxi ■ ■ -dx 5 



(1 - (1 - (1 - (1 - (1 - Xi)x 2 )x 3 )x4)x 5 ) 



n+1 



Jn(5) = 

J [o,i] 5 

for which the inclusions 

Dl ■ J n (5) G ZC(5) + ZC(3) + Z, 77 = 1, 2, ... , 

are proved in [ |Va| . Moreover, we have checked that, numerically, 

F 5jl = 18C(5) + 66C(3) - 98, F 7 ,i = 26C(7) + 220C(5) + 612C(3) - 990, 
F 9> i = 34C(9) + 494C(7) + 2618C(5) + 6578C(3) - 11154, 

hence these linear forms are the same forms as listed in ||Va|l , Section 5. Therefore, 
it is natural to conjecture^] the coincidence of Vasilyev's integrals 

x\ (1 — xi) n X2 (1 — x 2 ) n • • • — Xk) n dxi dx 2 ■ ■ ■ dxk 



Jn(k) 



(1 _ (1 _ (. . . (1 _ (1 _ Xl)x2 ) . . . ) Xfc _ 1 ) Xfc )n+l 



[0,l] fc 



-"^This conjecture is recently proved in [Zu6|, [Zu7|. 
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for odd k with the corresponding hypergeometric series ( p.4j) ; we recall that in the 
case k = 3 this coincidence follows from Propositions |l] and || A similar conjecture 
can be put forward in the case of even k in view of Whipple's identity ( |6.6| ). 

We hope that the methods of this work will find a continuation in the form of 
new qualitative and quantitative results on the linear independence of values of 
the Riemann zeta function at positive integers. 
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